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This paper describes general consequences of the hypervirial condition upon Coulson-Longuet-Higgins polar-

izabilities in the simple Hiickel model of linear chains.

The condition is put into the form of a tractable formula by

introducing the modified polarizability; many simple relationships between polarizabilities are obtained through the

formula.

The relationships are often instructive conceptually, reflecting some characteristics of the Hiickel model

of linear chains, besides being helpful for numerical estimation of polarizabilities.

Coulson-Longuet-Higgins polarizabilities, called mu-
tabilities below,!) are one of the most useful and infor-
mative quantities for consideration of reactivity in the
Hiickel model. Nowadays, we have no practical diffi-
culty in computing mutabilities for individual systems,
but relationships between mutabilities seem to remain
almost latent. They will be scarcely revealed by indi-
vidual numerical calculations.

In the previous paper? the author has derived the
hypervirial condition upon mutabilities, setting forth its
significance and usefulness with several examples. We
have no systematization, however, for deriving inter-
pretable relationships from a set of the linear equations
for mutabilities consequent on the condition.

The present paper analyzes the hypervirial condition
upon mutabilities in the simple Hiickel model® of linear
chains in a general, systematic way similar to the one used
previously for deriving a theorem on p-densities.»> The
modified mutability is introduced to put the condition
into the form of a tractable formula. The formula is
ready to yield various relationships between mutabilities,
being named the hypervirial formula. It is utilized in
practice to obtain many simple relationships between
mutabilities. The relationships are often instructive
conceptually, reflecting some characteristics of the
Hiickel model of linear chains, besides being helpful for
numerical estimation of mutabilities.

We have four sections below: The first gives the
hypervirial formula with the basic notation. The sec-
ond and the third concern the relationships between two
mutabilities for particular positions. The last describes
a general way of expressing mutabilities in terms of
mutabilities for identical or adjacent site pairs with p-
densities.

The following mathematical symbols are used: The
symbol [z, z] stands for the set of integers that contains
zs and z as the smallest and the largest, respectively;
understand the set as empty if 2<z;. The indicator xf,, ,;
takes unity if z belongs to [z, z], vanishing otherwise.
The symbol [z] means the largest integer not more than z.
Throughout this paper, z+ and z- are short for z+1 and
z—1, respectively.

The Hypervirial Formula

Suppose the linear chain of m sites in the simple
Hiickel model. Number the sites consecutively from 1
tomanddenote[1, m]by M. Letp.bethe p-density for
site pair rs and let 7% be the mutability for rs by fu in unit
of the resonance integral.® The identical site pair r and
the adjacent site pair rr: are referred to as the primary site
pair generically for convenience’ sake.

This system has the symmetry represented by the
permutation group that consists of the identity and the
permutation x acting on the site index as

xr=m—r+1 (reM). )
Every stationary state is faithful; the p-density and the
mutability always fulfil the permutational symmetry
beside the inherent symmetry for interchange of sub-
scripts.2?

The hypervirial condition upon mutabilities in this
system gives a set of the linear equations (the hypervirial
relationships)?

gt o - =g r<sEM)(1=uEM), (2)
where the second and the fourth terms are understood as
absent for r=1 and s=m, respectively, and we have

B = (F + 1)/ (1 + 8u) @

with

~trg = 6stpru - 6rtPsu~ (4)

Bear it in mind that the form of the equations is common
to all the stationary states without regard to the number
of electrons.? Say, we can apply the equations to
“separate” mutabilities and p-densities.®) The m-elec-
tron ground state is called the normal state distinctively
in this paper.

From now on, when no confusion is expected, the

specification of ranges of subscripts will be omitted fully
or partially. Let C be[l, ¢] with
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c=[(m+1)/2], 5)

denote [f; xf] (f&€C) by M(f), and define the modified
mutability n#%(f) as”

T (r=fors=xf)

nu(f) = (r=seM()). (6)

% — T rs+r  Otherwise

Then, the hypervirial relationships can be rewritten as
. (1) — ni(1) = i, (r=s=m), )

from which we obtain

Msors() = ) =B brysey  (Ss<stz=m) @)

by successive applications. On the other hand, imme-
diately from the definition, there follows

MO =T () CSSEMP), O

so that we attain “the hypervirial formula”
N ee() — (N =Fu(f2) (r=s<stzeM()) (10)

with

Sz
F%(.f Z) = 2 2 ¢';‘u-k+y,s'+k+y~

k=0 y=0

an

Note that the symmetry for interchange of upper and
lower subscripts is necessarily lost in modified muta-
bilities.

We can give an expression to F#%(f:z) in the single
summation form as

Fu(f:2)=(Fi(f:2) + Fu(f:2)) /(1 + 8w) (12)
with
~ K
F’r’.?(fl Z) = ( E ‘—2 )Pr+s‘-x+2y,u, (13)
y=g! y=g}

where g!, hi, g4, and h! are independent of u, given in
terms of ¢, r, s+, z-, and - as

0 ([ & [S+, s+ + f—])

8= (14
t—si—f (E[s++f, s+t 2z-+ L],
t— s+ (tE [s+, 8+ T 2])

hi= (15)
z tels++z, s+ +z-+£),
0 celr—£fr)

o= (16)
t—r (te[r’r+z‘])7

and
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[t—r-l—f- CEr—fortz—Ff£)
hi= 17

z- gelr+z—f,r+z).

Understand each summation as absent if 7 lies out of the
specified range. It is often profitable to put the p-
densities appearing in the expression into p-densities for
primary site pairs. Let bvi be the triple index corre-
sponding to the site pair index rs (r=s),*

0 (s —reven)
= (18)
1 (s — r odd),
v=[(r+s9)/2], (19)
and
i=[(s—n/2], (20)
and use “the reduction formula™
DPrs = Dv,v+b — Dii+b (s—r=2) (21)

as the need arises.

Relationships between 7 and 7%,

Substituting /=1, r=1, and z=m—s into the hypervirial
formula, we obtain the difference

Tm — s = Fis(1:m—s) sell,m), (22
where the right hand side can be calculated with
Fig(l m— S) '__Xt[s‘,m]pt—s,u —Xijl,m—s]pﬁs’u‘ (23)

Narmely, the difference is a function of few p-densities.
Let us examine some typical cases subsequently.

First, take a few cases of u=z. 'We can assume ¢ to lie
in C. Setting s=1, we find the simple relationship

(=1
(tE€[2,¢]

—Ppr2

Thhm — iy = (24)

D11 —Pu.

between the atom-atom mutabilities concerning the end
site. In particular, since 7.}, becomes vanishing as m
tends to infinity,!? there follows

il — po (m — o). (25)
If s is set at m-, we have
—Pim (=1
T — Tl = (26)
0 (te[2, .
Aside from =1, this exemplifies an “insensitivity”
T = ms (tE[xs, sP (s € [er, m] 27

of the mutability for distant 1s to the position of the
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internal perturbed site.
Next, set u at #+. We can assume ¢ to belong to [1, /],
which is denoted by L below, with

1=[m/2]. (28)

By the aid of the reduction formula, the s=1 case gives

Tlhim = 7y = 2(Pu — Pre) tel). (29)
Such a relationship is trivial for the normal state because
of the alternant symmetry,? but remains meaningful for

other stationary states. The s=2 case gives

Wem— 5= 2Apee—peav)  (E[LID(MZ4)  (30)
and rather peculiarly
—p23 (m=3)
Tim — 5= (31
12— 2p23 (m=4),

connecting the bond-bond mutabilities concerning the
end bond with one another. We have
ml3— 2px —pu (m — )

(32)
as the limit of long chains.!®

Relationships between 7% and 7%,

Unless xt coincides with u, 7% and n%%, differ in general
except the case of xr=s. The difference can be a quan-
tity of interest, representing a basic feature of the
system. We can assume xr>s beside r=s without loss of
generality. Substituting f=r and z=xr—s into the
hypervirial formula, we have

o — = Fu(r:xr—s)  (r=s;xr>s), (33)

which contains the result in the preceding section as the

particular case of r=1. Use
0 @tElss, st+r)
&= (34)
t—r—s (@e€lstr,m),
[t-—s (t E[s+, mi—1])
hi= 35
m—r—s (E[mi—r, m)]),
0 tell, )
&= (36)
t—r (t€r,m—s),
and
lt- ete[l,m—r—s))
hi= 37
m—r—s (&€[mi—r—s,m—s))

for calculating F#(r:xr—s), which contains no first
summation for /=s and no second for /=xs.
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Let us deal with exemplary cases, preparing the symbol
S% for the sum of the adjacent bond orders included
between site g and site /;

g<hEM). (38)

he
St =3 Dyy.
y=¢

Understand S% to vanish unless g<h. Now, set ¢ atr with
s=r and u=t. Then, we find the relationship

S — S¥ (rell, )
T — T = (39)
ST — SpT (relm
with
t=[(m+1)/3]. (40)

This is helpful for estimating the difference between the
changes in electron densities on two equivalent sites
caused by a small change in the coulomb integral of
either. For the long chain in the normal state, the
asymptotic form!V

2 =1y
o= |l = 557 CEOU<Em @D
leads us to
Ty — = — %(K{ — K%) r<m) 42)
with
=) &=

for the site near the end. When the site is far from the
end, that is, when xr—r is small enough, we have

2
T — T =— T K{"™" (xr—r<<m), (44)

which is consistent with the asymptotic estimation!?

m;zi(l—m"”) (r—1<n 45)

n\4

of mutabilities for sites in the middle of the long chain.
Here, understand K| as vanishing if r=z.
Next, assume m to be even and set r at ¢, again with s=r

and u=t. Then, we have
e, — M= —D1, m.—s (1€ C) (m even), (46)
which includes the characteristic relationships
&, — ME = —Pec. (m even) 47)
and
il —al=—pin (m even) (48)
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as particular cases. The analytic expression?

. (=1F m
Pt = " " 1—(—1) sec P

(meven) (49)

is available for the normal state.

The analogous result can be obtained for the bond-
bond mutabilities concerning two equivalent bonds.
Set s=r+ and u=t.. The t=r case gives

2(S]— S¥*Y) + po., rell, o)
n’;(m) —TmE= (50)
2AST =S =P (rE€[ 1))
with
o' =[(m—1)/3]. (51

For the long chain in the normal state, when the bond rr+
lies near the end, there follows

2
Wy — M= — = (1 + 2K5 + Kit = 2K33Y)  (r<m). (52)
For the bond far from the end, we have
2 x(ri)-r
Ty — W= — — (L +2K37)  (x(r) —r <<m) (53)
consistently with the asymptotic estimation!3
(Ir—1<r) (54

of mutabilities for bonds in the middle of the long chain.
With m odd, the r=c- case gives

ni, — ity = (Orc- — 2)Prm—t (t€L) (m odd), (55)
where we can use
_ (1) T . Qt+n
Dm-t = oy (tan p— (—D'tan o ) (m odd)
(56)

for the normal state.¥

Expression in Terms of Mutabilities
for Primary Site Pairs

Set r at fin the hypervirial formula and replace z and
s+z+f newly with r and s, respectively. It follows that

T =g — T —F¥_, s (f17) (s—r=2). (57)
Here, note that the two mutabilities in the right hand side
have the closer site pairs than the mutability in the left
handside by 2f. Hence, in particular, let bvi be the triple
index corresponding to rs and set f=i. Then, putting

U= Fiiw (i:1) (58)
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for clarity, we obtain

(s—r=2). (59)

T =y~ — U

Thus, any mutability for distant site pairs can be put into
mutabilities for primary site pairs with p-densities.

It will be useful to draw an expression of U# from the

general expression. Putting
Us= (04 U4)/(1 + 8u), (60)
we have
L)
Utrg =( e, Zt)p3+—r-t+2y,u (61)
y=g1 Y783
with
0 tels—v-,s—r)
gt= (62)
ttr—s  (E€[s—r, s,
t—stv. (@€s—v-,s—i])
hi= (63)
r- (tels—i s)),
0 (€[ D
8= (64)
t—i el v-D,
and
t—1 cell, rh
hi= (65)
r- @t elr, v-)).

The first summation is absent for 1=s—v or =s and the
second is absent for /=v.

Let us utilize the above result for reducing the atom-
bond mutability 7% to atom-atom mutabilities, assuming
s—r to be even beside r<s. We have =0 and =1 in the
tripleindex. If +<v, then xz>xv holds for 7{J. Hence,
we can suppose 1=v, which makes the second summation
always absent. Since the first summation is also absent
for r=s, we have
(66)

10— it gl
Trs — Ty — Tt

@els, m).
For ¢ lying in the rest, it follows that
S —8Y

Sti—v - S;)—i

(1=2i)

(1=2i) &l sD. @7

i =nl, —nf+

where the lower subscript 1—v should be read as 1 if =v.
For example, setting i=1 and utilizing the symmetry, we
have

(el vD

1t
—Tmm

Ty, = 7l +l (vEMQ). (68)

(€lv, m))

For the long chain in the normal state, again for example,
we have

'-7[{{ — Bzvpv-v
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T — Y+ i—(—’i— - K{) (<) 69)
for the site v far from the end, using the asymptotic value
1/2 of the self-mutability for such sites as well as the
asymptotic form of bond orders.

Now, consider the expression of the mutability 7% in
terms of the mutabilities having primary site pairs in both
upper and lower subscripts. Assume =u and let awj be
the triple index corresponding to tu. 1f i orjis zero, the
foregoing result is sufficient. Hence, suppose both i and

Jj to be positive. Noting
Ty = (2= by y=wv, 1), (70)
we obtain
m = (2 = D)t — T~ Tia ) — W (70
with
W= (2— b)( Uy — Ui*) + Ug. (72)

It is never difficult to write out W%; a small personal
computer suffices to do it with a simple program.

As an example, let us take the self-mutability 7}$ (s=3).
We have v=w=[s./2] and i=j=v-. The expression

U = (Xls-i50— Xb,0) Po-su (73)

is useful for calculating W1s. The resultant leads us to

2(moy — 27y + Y — 2Dy y) (s odd)

TP = 74
71531 - 27[‘\’/‘3/ +7T‘\’):‘\/1 —Dv_v — Dovs (S eVCl’l).

Turn to the long chain in the normal state and assume s
to be large with m—s small enough. Since v-, v, and v+
lie in the middle of the chain, all the terms in the right
hand side can be estimated asymptotically. They cancel
out completely and the exchange of ps.s for pxs.s resultsin

1y

W (m—s<m),

Tl 1(1 + (75)

T
which gives the large value 8/ 37 to the self-mutability for
the end site pair 1m.

There is ample room for application: The relationships
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obtained in this paper as well as the hypervirial formula
itself will be fruitful in various concrete problems. It
can be helpful to incorporate analytic or asymptotic
expressions available for some types of mutabilities and
p-densities.#!1"14  Auxiliary conditions, say, the two
sum rules for mutabilities,? can be utilized as the case
may be.
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